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1. INTRODUCTION
Spatial configurations of lines are encountered in many situations, both in
theoretical fields (Algebraic Topology, Algebraic Geometry, Combinatorial
Geometry, Computational Geometry, etc.) and in applications (Computer
Graphics, C.A.D., Satellite Communications, Robot Kinematics, e.a.).
In order to classify the configurations of n lines in real (affine or pro-
jective) 3-space we can act from different points of view. For example, we
can consider line configurations up to “(rigid) isotopy” [1]. Alternatively,
we can encode them by means of “linking numbers” [15, 16, 1]. But maybe
the most popular way is representing such configurations by diagrams in
the same fashion as is done for “knots” or “links” [4]. These diagrams are
an attempt to visualize spatial line configurations, by giving a projection
in the plane, the shadow of the configuration, and by recording the rela-
tive position of every pair of lines where their projected images intersect
(Fig. 2). This is called the planar layout of the configurations. So, in a pla-
nar layout one line can “cross over” or “cross under” or intersect another
line. The characterization of the possible planar layouts of n lines has be-
come a classical problem, known as the “weaving problem,” and gave rise
to many papers (e.g., [6, 8, 10, 11, 19, 12]).
In the restricted case, when we only give the shadow of the line config-
uration, together with the “incidence pairs” (preimages intersect in space),
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FIG. 1. Incidence diagram of five lines, with incidence graph.
we obtain an incidence diagram (Fig. 1). Characterizing the “liftable” in-
cidence diagrams is an easier problem, at least when the given shadow is
sufficiently generic. Indeed, the possible incidence patterns are the closed
sets of a “matroid” of all
(
n
2

potential incidences, of which the indepen-
dent sets have a simple combinatorial description for generic shadows, the
so-called Laman’s count rule [5, 19, 9].
In this paper we consider almost flat incidence patterns on a generic
shadow H of n lines. This means that if we add one more incidence to
the diagram, it only allows “flat liftings,” that is, configurations with lines
all lying in the same plane, or equivalently, the given incidence set con-
tains a maximal independent subset of size 2n − 4. One can observe that
a given almost flat incidence diagram only permits two liftable planar lay-
outs, which are each other’s mirror image. The question is, how can we find
this uniquely determined (up to taking the mirror) weaving pattern for a
given almost flat incidence diagram. Does there exist an algorithm for this,
not using the equations of the projected lines, only given the combinatorial
type of H and the incidence pattern?
Without solving this problem in its full generality, we show how the de-
termination of the complete planar layout of a given almost flat incidence
diagram can be reduced to the construction of derived lines. To this end,
we consider the bodies of the given incidence diagrams, which are maximal
subdiagrams corresponding to flat parts in any lifting. So, for a given strict
lifting, two bodies correspond to two different planes in space, and the pro-
jection of their line of intersection is called a “derived line” of the diagram.
For almost flat incidence diagrams, these derived lines are uniquely deter-
mined, that is, they are independent from the chosen (strict) lifting. Once
we succeed in constructing the derived lines, we give a procedure to de-
termine the weaving pattern for the crossing (nonincident) vertices of the
incidence diagram.
Finally, in Section 8, we illustrate some techniques for finding derived
lines of almost flat diagrams. The concept of “auxiliary bodies” appears to
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be useful in this context. For some types of diagrams, the so-called sim-
ple and compound extensions, we give synthetic expressions for the derived
lines.
2. INCIDENCE DIAGRAMS
If we project a spatial configuration of n lines upon a plane, along a
direction which is not parallel to one of the lines, we obtain a planar con-
figuration of n lines. Assuming some pairs of lines do and some do not
intersect in the spatial configuration, this distinction will be lost in the pro-
jection, unless we maintain this information in some way or another. A
projected line configuration equipped with these additional data leads to
the concept of an incidence diagram:
Definition 1. An incidence diagram (ID) is a pair D = H;I  consist-
ing of a finite set of lines H in the affine plane 2, called the shadow of D,
and a set I of unordered pairs in H , called the incidences of D.
If H is a regular arrangement of n lines in the plane, that is, H does not
contain triples of intersection, neither pairs of parallel lines, the incidences
I can be depicted in a drawing of H by means of “fat dots” on the corre-
sponding points of intersection (see Fig. 1). If the lines of H are denoted
by h1; h2; : : : ; the incidence hi; hj ∈ I is often abbreviated by i; j, or
just ij.
Many questions about a given ID D = H;I  only involves the under-
lying combinatorial structure rather than the specific positions of the lines.
When looking at such questions, it is often sufficient to regard H as an
abstract set, the nodes of a graph whose arcs are given by the incidences
I . This graph is called the corresponding incidence graph (IG), denoted by
GD (Fig. 1).
Let us once and for all fix a direction of projection in affine 3-space 3,
along the z-axis say, and identify the affine plane that contains a given ID
D = H;I  with a fixed plane in 3, the xy-plane say.
Definition 2. A lifting of D is a finite set of lines in 3, L =
l1; : : : ; ln, such that the diagram lines hi in H are the projected images
of li (i = 1; : : : ; n). Furthermore, we demand that the pairs li; lj are
coplanar for each incidence pair i; j ∈ I . A lifting is called strict if the
incidence of lines li and lj implies that i; j ∈ I (1 ≤ i 6= j ≤ n).
Obviously, each finite configuration L of lines in 3-space, with no “vertical”
lines and no pair of lines in the same vertical plane, gives rise to an ID D =
DL by means of projection along the z-axis upon the xy-plane, such that
L is a strict lifting of D. Next, assume that each pair of lines li; lj ⊂ L
projects upon intersecting lines hi; hj (in the affine plane), so hi ∩ hj =
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FIG. 2. The planar layout of a spatial configuration of four lines, with incidences I =
1; 2; 1; 3; 2; 4, and crossings C = 3; 2; 3; 4; 1; 4.
pij for 1 ≤ i 6= j ≤ n. In this case we can record for each nonintersecting
pair li; lj the relative position with respect to the projection. We say that
li crosses over lj , denoted by i > j, if the vertical line Vij through pij meets
li in a point with larger z-coordinate than the point of intersection between
lj and Vij .
Definition 3. The previously introduced partial order on 1; : : : ; n is
called the induced crossing relation C, which can be regarded as a set of
ordered pairs. More precisely, i; j ∈ C ⇔ i > j. The triple H;I ;C
is called the planar layout of L , denoted by PL. Abstractly, a triple
H;I ;C is called a planar layout (PL), if H;I  is an ID and if C is
a set of ordered pairs of 1; : : : ; n with the property that
i; j 6∈ I ⇔ ( either i; j ∈ C or j; i ∈ C:
A lifting of a given PL P = D;C is a (strict!) lifting L of D such that
P = PL.
If H is a regular arrangement of n lines in the affine plane, a PL P can be
given on H by means of a drawing as in Fig. 2. The intersections hi ∩ hj in
the affine plane are called incidence vertices if ij ∈ I , and crossing vertices
otherwise.
3. THE LIFTING SPACE
The liftings of a given ID D = H;I  constitute a finite-dimensional
real vector space, denoted by SpD. This can be seen by coordinatizing
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the possible pre-images of the n lines hi ∈ H , yielding two coordinates for
each lifted li [6, 9]. Each incidence i; j ∈ I translates into a linear homo-
geneous condition for the four involved variables. In this setting, SpD is
the solution space of a system of I  homogeneous linear equations in 2n
unknowns. If we write rank(I ) for the number of independent incidence
equations, we derive
dim SpH;I  = 2n− rankI :
An alternative way to obtain Sp(D) goes by regarding liftings as locally
affine functions. To this end, we consider the “incidence vertices” of H :
S = sij = hi ∩ hj  hi; hj ⊂ H ∧ i; j ∈ I }:
As before, we require hi and hj to intersect in the affine plane. Further-
more, we assume that each line h ∈ H is involved in at least two incidences,
that is, h ∩ S ≥ 2. This condition usually holds for the IDs in this paper.
If an ID does not satisfy this condition, then we can add new points of h
to S to obtain an ID satisfying this condition.
Then, a lifting of D = H;I  is determined by a height function f : S→ 
such that for each line h ∈ H and for each triple s1; s2; s3 ⊂ h ∩ S:
s3 = λs1 + 1− λs2 ⇒ f s3 = λf s1 + 1− λf s2:
In this terminology the vector space structure for liftings becomes obvious,
with dimension equal to the number of independent choices of heights for
the points in S.
If the lines of a lifting L are all lying in the same plane, L is called a
flat lifting. If a given ID D contains at least two lines, one observes that
the flat liftings form a three-dimensional subspace of Sp(D). Indeed, flat
liftings are given by a global affine function,
f x; y = αx+ βy + γ:
Definition 4. An ID D is called flat if it has only flat liftings. If n ≥ 2
this means that dim SpD = 3, or equivalently, rank(I  = 2n − 3. D is
called almost flat if n ≥ 2 and rankI  = 2n− 4 (lifting space has dimen-
sion 4).
Let us now formulate our main problem:
For a given incidence diagram D, describe its lifting space SpD by means
of the possible planar layouts.
If I = Z this formulation comes down to the classical weaving problem
for lines (see, for example, [6, 19, 10, 11]). If, on the other hand, D appears
to be flat, the problem becomes trivial. In this paper we focus on the main
problem posed for almost flat IDs.
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4. THE MATROID OF INCIDENCES
In this section we briefly recall the fact that the incidence pairs are the
elements of a matroid, for a given projection H . For more details, we refer
to [19, 9].
Indeed, let us fix a set H of n lines in the plane. Let I be some set of
incidences, that is, the elements of I are unordered pairs of 1; : : : ; n.
Then we can define a closure operator:
I¯ = i; j ⊂ 1; : : : ; n  li intersects lj in every lifting L of SpH;I }:
It can be shown that this determines a matroid closure. The resulting ma-
troid will be denoted by MH. For fundamentals on matroid theory we
refer to [2, 17, 18]. The closed sets in this matroid yield exactly those inci-
dence diagrams which have strict liftings. If n ≥ 2 and if, when n > 2, not
all lines of H go through one point, the rank of this matroid is 2n− 3.
Let I be a set of i incidences, involving l lines, then rankI  ≤ 2l − 3.
So, if i > 2l − 3 then I is dependent (in the matroid-sense).
Next, we assume that H is generic, meaning there is no algebraic relation
between the different coefficients of its lines. In this case, we always find
the same matroid structure, not affected by the specific position of H . Con-
sequently, we can introduce Mn, the generic incidence matroid of n lines in
the plane. Historically, this matroid first came up in the study of the kine-
matics of bar frameworks in the plane. The theorem of Laman provides a
combinatorial description for the independent sets:
Theorem 1 (Laman, 1970). A set I of incidences is independent in Mn
if and only if for each nonempty subset I ′ ⊂ I ,
i′ ≤ 2l′ − 3;
where i′, resp., l′, is the number incidences, resp., lines, occurring in I ′.
In [7] an On2)-algorithm is given to test the Laman criterion for a set
of incidences on n lines. This algorithm is able to compute the rank of a
given incidence pattern I (on a generic shadow), and, in particular, it can
test (almost)flatness. It can also be applied to construct the closure of I
(see also [13, 3] for similar algorithms).
From now on, each arrangement H with MH = Mn is said to lie in
generic position. They form an open dense set in the space of all planar
arrangements with n lines (in the Zariski topology). In Fig. 3 a set of nine
incidences on six lines is given. If the underlying arrangement is in generic
position, Laman’s theorem claims the set is independent. Because 9 = 2 ·
6− 3 equals the rank of M6, every pair i; j must belong to the closure. We
conclude that H;I  is flat, that is, it contains only flat liftings. However,
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FIG. 3. The 3× 3 grid is flat in generic position. The special position on the right however
permits a strict lifting.
it can be proven that if the given six lines are all tangent to the same conic,
MH 6=M6. Thus, we can find strict liftings indeed (by taking L on a ruled
surface)!
5. THE PLANAR LAYOUT OF AN ALMOST FLAT
LINE CONFIGURATION
An almost flat line configuration is a nonflat lifting of an almost flat ID,
D = H;I . Recall that rank(I  = 2n− 4.
If L is a nonflat lifting of any ID D, then so is L∗, the reflection of L with
respect to the XY -plane. Furthermore, if PL = D;C then PL∗ =
D;C∗, where the crossing relation C∗ is the inverse of C: C∗ = C−1. So,
the planar layouts of the nonflat liftings of a diagram D appear in pairs.
Definition 5. The planar layout set of an ID D is the set of the planar
layouts of all its liftings:
PD = PL  L ∈ SpD}:
The weaving index w = wD is determined byPD = 2w + 1:
Theorem 2. Let D be an almost flat diagram with n ≥ 2 lines which are
not all concurrent when n > 2 (rankMH = 2n− 3). Then, wD = 1.
Proof. Let D = H;I . Without loss of generality we assume that I is
closed, because SpH;I  = SpH; I¯ .
Let L1 and L2 be two nonflat liftings of D. Necessarily, these liftings
are strict. Further, let PL1 = D;C1 6= PL2 = D;C2. Let i; j ∈ C1
and j; i ∈ C2. Then there must exist a “point” L on the line segment
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connecting L1 with L2 in SpD, such that li intersects lj in L . So, if
PL = H;I ′;C then
I ∪ i; j} ⊂ I ′;
whence rankI ′ = 2n− 3 (I is closed!).
We conclude that L is flat (C = Z). This implies that L2 = L∗1 , and soPD = 2 + 1:
The previous theorem teaches us that the planar layout of an almost
flat line configuration is completely determined by its “shadow” H and its
incidence pattern I (up to taking mirror images). On the other hand, it
does not say how to find the crossings C of this planar layout. As a matter
of fact, this is one of the main concerns of this paper.
Examples. • Almost flat diagrams with only two or three (nonconcur-
rent) lines only have one pair i; j of nonintersecting lines, whence w = 1
becomes a trivial fact.
• For a diagram on four lines, once again with no triples of concurrent
lines, being almost flat comes down to the presence of four incidences. So,
we are left with two “crossing pairs,” the second of which is determined by
the first, yielding two legal weavings out of four possibilities. We distinguish
two cases (Fig. 4):
1. The diagram contains a flat part, that is, three lines l1; l2; l3
are forced by three incidences to lie in a plane. Consequently, the fourth
line only takes part in one incidence, 3; 4 ∈ I say, and its crossing be-
haviour with respect to the other two lines depends on whether s34 separates
s14 with s24 on h4, or not.
FIG. 4. The planar layout of almost flat configurations with four lines.
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2. The diagram contains no flat part. Consequently, the two cross-
ing pairs are disjoint, say 1; 2 6∈ I and 3; 4 6∈ I . Let aij be the lifting
of sij for each i; j ∈ I . In case of a strict lifting l1; l2; l3; l4, the points
a13; a14; a23; a24 are the vertices of a (nonflat) tetrahedron. Choosing ei-
ther 1; 2 or 2; 1 in C corresponds to choosing the orientation of this
tetrahedron or, equivalently, the sign of the bracket a13a14a23a24, from
which the crossing relation for 3; 4 can be derived. More precisely, if we
orient the lines as
l1 = a13 ∨ a14; l2 = a23 ∨ a24; l3 = a23 ∨ a13; l4 = a14 ∨ a24;
then the linking numbers of the involved skew oriented lines are related by
(see [1]):
link l1; l2 = sign a13a14a23a24 = link l3; l4:
• Next, let D be a diagram on five lines, no three of which have a
common point in the plane. We discard the easy situation where D contains
a flat part on four lines. We call two crossings related if they both belong
to an almost flat subdiagram of four lines. Under the previous conditions it
can be seen that the transitive closure of this relation connects all crossing
pairs to each other (Fig. 5). Using the knowledge of the previous example,
it is easy now to draw the unique planar layout (up to taking the mirror
image).
• For diagrams with more than five lines there exist examples where
not every two crossing pairs are related by a “chain of almost flat four-
subdiagrams” (Fig. 6). To deal with such cases, we develop the theory of
derived lines in the next section.
FIG. 5. The planar layout of an almost flat configuration with five lines.
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FIG. 6. Almost flat diagram (n = 6) having a crossing which does not belong to any almost
flat subdiagram of four lines.
6. DERIVED LINES FOR ALMOST FLAT DIAGRAMS
Let D = H;I  be an almost flat line diagram. Because the planar layout
of its liftings (up to mirror images) is an invariant for D, it makes sense
to search for other invariant properties of liftings. One such invariant is
surprisingly easy to obtain. Moreover, it appears to be less hard to construct
than the planar layout, although it is closely related to it.
For each incidence i; j ∈ I , and for each lifting L ∈ SpD, there is a
unique plane in space that contains the two involved intersecting lines:
L = l1; : : : ; ln ⇒ αijL = li; lj:
If i; j and k; l are two incidences in I , such that they do not belong
to the same flat part of D, then for each strict lifting L of D the planes
αijL and αklL are not coincident. Therefore, we can define the line of
intersection,
Mij; klL = αijL ∩ αklL;
and Nij; klL = prMij; klL the projected image of this line of intersec-
tion in the XY -plane, using the same projection as in the construction for
liftings.
Theorem 3. Let D = H;I  be an almost flat diagram. Let i; j ∈ L
and k; l ∈ L be two incidences which are not in a common flat part of D.
Then, Nij; klL is independent from the chosen strict lifting L .
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Proof. As in Section 3 we can associate a locally affine function g: S→
 with a given strict lifting L . Here, S is the set of points in the XY -plane
given by the intersection hp ∩ hq with p; q ∈ I .
Fix N = Nij; klL in the affine plane, and put
pi = hi ∩N; pj = hj ∩N; pk = hk ∩N; pl = hl ∩N:
Using affine extension, we can define g in every point of h1 ∪ · · · ∪ hn, and
in particular, on pi; pj; pk; pl. Because N lifts to the line Mij; klL, g is
moreover locally affine on N .
For an almost flat diagram, dim SpD = 4, so x; y; 1; g clearly is a
basis for the lifting space. In other words every lifting f : S →  can be
written as
f = ax+ by + c + dg:
From this it follows that f is always locally affine on the fixed N . Con-
sequently, f lifts the points pi; pj; pk; pl to collinear points in space,
determining a line M that intersects the lifting of the lines hi; hj;
hk; hl.
We conclude that an almost flat diagram implicitly contains information
about the projection of the lines of intersection of the planes involved with
a specific lifting. It should be possible to extract this information directly
from the given diagram in the plane!
Definition 6. If i; j and k; l are incidences of an almost flat dia-
gram D, not belonging to the same flat part, then the projection Nij; kl =
Nij; klL, where L is an arbitrary strict lifting, is called a derived line of D.
Examples. • For an almost flat diagram with four lines, things are easy
to visualize, and the derived lines are immediately obtained. See Fig. 7 for
a construction of a derived line in this case.
• Next, let us consider a less trivial example with six lines. Take an inci-
dence diagram whose incidence graph equals K3; 3 minus one edge. Initially,
we are given only one point of N12; 34 (Fig. 8). In order to construct a sec-
ond point, we use the auxiliary incidence 5; 6. More precisely, in a strict
lifting the lines M12; 56 and M34; 56 must intersect in the plane α56. Further-
more, this point of intersection lies on M12; 34. Consequently, N12; 56 ∩N34; 56
gives the second point of N12; 34.
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FIG. 7. Derived line for an almost flat diagram of four lines.
7. CONSTRUCTIVELY RELATED CROSSINGS
Let D4 = 1; 2; 3; 4;I  be a non-flat incidence diagram on regular
arrangement of four lines. Assume 1; 2 ∈ I and 3; 4 ∈ I . Let L be
a strict lifting. As usual, α12 and α34 denote the planes determined by the
liftings l1; l2 and l3; l4, respectively.
Theorem 4. If both its incidence diagram D4 and the derived line N =
prα12 ∩ α34 are given in the affine plane, the planar layout of L is completely
FIG. 8. The construction of a derived line in case of no almost flat subdiagrams of
four lines.
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determined up to taking the mirror image. Furthermore, there is an effective
method to construct this planar layout.
Proof. Because D4 is non-flat, we may assume without loss of generality
that 1; 3 6∈ I . Let PL = D4;C. Furthermore, we can assume 1; 3 ∈
C, as otherwise we replace L by its mirror image L∗. In order to describe
the other crossings, we distinguish three cases:
Case 1. D4 is almost flat. In this case, N need not be given because it
can be directly obtained from D4. C contains exactly one crossing besides
1; 3. In the examples of Section 5 we explained how to determine this
crossing.
Case 2. I contains three crossings. Without loss of generality we as-
sume that I = 1; 2; 3; 4; 2; 4. This means that N contains h2 ∩ h4,
but no other points of intersection of H . Consider the diagram
D
2
4 =
1; 3; 4;N; 3; 4; 1;N; 3;N; 4;N}}:
From Case 1, 1; 3 ∈ C determines the crossing sign of 1; 4. We express
this by 1; 3 → 1; 4. On the other hand, if we consider
D
4
4 =
1; 2; 3;N; 1; 2; 1;N; 2;N; 3;N}};
it follows from Case 1 that 1; 3 → 2; 3. We conclude that PL is
completely determined.
Case 3. I = 1; 2; 3; 4. Consequently, N contains no intersection
hi ∩ hj of H . Once again we consider several diagrams Di4 on four lines,
obtained by omitting line i ∈ 1; 2; 3; 4 and adding N . Successively apply-
ing Case 1 gives us:
in D44 : 1; 3 → 2; 3
in D24 : 1; 3 → 1; 4
in D34 : 1; 4 → 2; 4
which completes PL.
This theorem motivates the next definition. We restrict to closed dia-
grams, in order to have strict liftings.
Let i; j; k; l be four different lines of a closed incidence diagram D =
H;I . Let p1 and p2 be two crossing pairs on these four lines, that is,
p1 ⊂ i; j; k; l, p2 ⊂ i; j; k; l, p1 6∈ I ; and p2 6∈ I .
Definition 7. We say that p1 and p2 are directly constructively related if
there are at least two disjoint incidence pairs on i; j; k; l. We express this
by p1 ↔ p2. The transitive closure of this relation is denoted by p1 ∼ p2,
and now we simply say that p1 and p2 are constructively related crossings.
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Observe that this definition can also be stated in terms of the incidence
graph GD, because we make only use of I , not of the underlying ar-
rangement H . Now, being constructively related is a relation on the com-
plementary edges of this graph.
Let D be the incidence diagram of a spatial configuration L , obtained
by a regular projection. Let p1 and p2 be two crossing pairs of D (pairs
of nonintersecting lines of L). Suppose that p1 and p2 are directly con-
structively related due to incidences i; j and k; l. If we can construct
the derived line Nij; kl, by Theorem 4 we are given a procedure to “deter-
mine” the crossing p2 from a given crossing sign for p1 (and vice versa).
This motivates the statement of the constructive version of Theorem 2:
Theorem 5. Let D = H;I  be a generic almost flat, closed incidence
diagram. Then every two crossing pairs are constructively related.
Proof. We assumed generic position in order to have the Laman matroid
for MD. Henceforth, it follows from [14] that D contains at least one line
with at most three incidences, hn say.
We proceed by induction on the number of lines. For n = 4, the claim is
trivial. So, assume n ≥ 5. Let D′ denote the subdiagram of D obtained by
deleting hn.
1. There is exactly one incidence on hn. This means that D′ is flat.
The only crossing pairs of D have the form i; n, and they are all directly
constructively related.
2. There are exactly two incidences on hn, i; n and j; n. In this
case, D′ is an almost flat diagram on n− 1 lines, and so induction applies:
all crossing pairs of D′ are constructively related. Let k ∈ 1; : : : ; n− 1 \
i; j. Consider i; j; k; n. We refer to Figure 9. Unfortunately, we must
distinguish two cases.
Case 1. i; k ∈ I : by the facts that the lines are in generic position
and I is closed, it follows that i; j; k; n contains at least one crossing pair
FIG. 9. In the left diagram we assume i; k ∈ I , while in the right diagram i; k 6∈ I .
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besides k; n. Using the disjoint incidences i; k and j; n, we conclude
that k; n is directly constructively related to a crossing pair in D′.
Case 2. i; k 6∈ I : there exists at least one l ∈ 1; : : : ; n− 1 such that
l; k ∈ I . By way of the disjoint incidences i; n and k; l, it follows
that k; n and i; k are directly constructively related.
3. There are exactly three incidences on hn, called i; n, j; n and
k; n. By the “Laman-count” we see that at least one pair of i; j; k is not
incident, i; j 6∈ I say. If we extend D′ by making i; j into an incidence,
we get an almost flat ID D′′ on n − 1 lines. So, the induction hypothesis
applies on D′′. But we must be careful here. Being constructively related
between crossings in D′′ is perhaps due to the incidence i; j, and may fail
to be true in D. Fortunately, this is not the case, as is shown.
More precisely, we prove that every pair of directly constructively related
crossings c1 and c2 in D′′ is still related in D. Let q1 and q2 be the “linking
incidences” for c1 and c2. If q1 and q2 both belong to I , there is nothing
to prove. So, assume that q1 = p; q and q2 = i; j (with q1 ∩ q2 = Z).
If c1; c2 = i; p; i; q then they are directly constructively related in
D by p; q and i; n. Analogously when c1; c2 = j; p; j; q. So,
let c1; c2 = i; p; j; q (or i; q; j; p). We refer to Fig. 10. First
assume that k ∈ p; q, k = p say. Considering appropriate quadruples we
observe the following constructively related crossings,
i; k ↔ n; q by means of i; n; k; q;
n; q ↔ j; q by means of j; n; k; q
⇒ i; k ∼ j; q.
Next, assume that k 6∈ p; q,
i; p ↔ p; n by means of i; n; p; q;
p; n ↔ j; q by means of j; n; p; q
⇒ i; p ∼ j; q.
FIG. 10. In the left diagram we assume k 6= p, while in the right diagram k = p. Circles
around vertices show non-incidences (crossings).
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FIG. 11. The case i; l; j; l; k; l ∩ I = Z.
Finally, we consider the “new” crossings of D: those of the form l; n
with l ∈ 1; : : : ; n − 1 \ i; j; k. To this end, we focus on the quadruple
i; j; l; n. If either i; l or j; l is an incidence, then i; j ↔ l; n
(because i; n and j; n are incidences). So, assume that both i; l and
j; l are crossings (Fig. 11). If k; l is an incidence, then l; n ↔ j; l
by means of j; n; k; l. If k; l is a crossing, there must exist a line
p 6∈ i; j; k; l; n such that p; l ∈ I , because l is involved in at least one
incidence. But then, l; n ↔ l; i, because i; n ∈ I .
Example. Let us determine the seven crossings (up to total reversal)
of the almost flat incidence diagram of Fig. 6 (n = 6). We assume a strict
lifting L such that l1 crosses over l3, that is, 1; 3 ∈ C (Fig. 12).
FIG. 12. Completing the weaving pattern for Fig. 6.
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• Consider subdiagram 1235. We see that 1; 3 ↔ 2; 5, implying
2; 5 ∈ C.
• Consider subdiagram 1256. We see that 2; 5 ↔ 1; 6, implying
1; 6 ∈ C. Otherwise, in subdiagram 2356 we get 2; 5 ↔ 3; 6, yielding
3; 6 ∈ C.
• Consider subdiagram 2346. We see that 3; 6 ↔ 2; 4, implying
4; 2 ∈ C. Otherwise, in subdiagram 3456 we get 3; 6 ↔ 4; 5, yielding
4; 5 ∈ C.
• Finally, crossing 1; 4 is directly constructively related to 1; 3 or
2; 4, due to incidences 12 and 34 in subdiagram 1234. In the previous
cases, the constructive relation made use of almost flat subdiagrams with
four lines. But now we need a derived line, more precisely N12; 34 (Fig. 8).
Using Case 2 of the proof of Theorem 4 we find that 4; 1 ∈ C.
8. SYNTHETIC CONSTRUCTIONS FOR DERIVED LINES
Perhaps it is useful to state our problem in an alternative way. Suppose
we have m planes A1; : : : ;Am in 3-space, only given by the projection of
lines of intersection lij = prAi ∩Aj, for some 1 ≤ i < j ≤ m. Clearly,
if a; b ∩ c; d 6= Z then the liftings of lab and lcd are coplanar. So, we
are given an incidence diagram D. Suppose we are asked to complete these
data, that is, to find all the
(
n
2

lij , then this is equivalent to construct the
derived lines of D. Furthermore, if each plane Ai contains at least two of
the initially given lij , the problem is determined if and only if D is almost
flat (Theorem 3).
Next assume D is in generic position. If we have “completed” the diagram
by constructing the derived lines, Theorems 4 and 5 provide an algorithm
for obtaining the planar layout of the liftings of D.
In this section, we illustrate some constructions of derived lines. These
constructions are deterministic and synthetic, in the sense that we start
from a given finite set of points in the plane (the “incidences”), and obtain
the derived line by means of the operators ∨ (join) and ∧ (meet). The join
of two points is the line connecting them, the meet of two lines in the
plane is their point of intersection. For some types of diagrams, recursive
procedures will be given. But in general, it is still open whether there exists
a deterministic, synthetic construction for the derived lines of any almost
flat line diagram.
In the process of constructing we will be guided by the planes A1; : : : ;Am
and by the given (projected) lines of intersection lij . This pattern is combi-
natorially reflected in the body graph of the diagram.
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Definition 8. A body of the incidence diagram D = H;I  is a max-
imal flat subdiagram of D. The body graph BD is a graph with nodes
corresponding to the bodies of D, connected by arcs if they share a line
of H .
Example. We have eight bodies in the diagram of Fig. 6:
A = 1; 5; B = 1; 2; C = 3; 5; D = 2; 3;
E = 3; 4; F = 5; 6; G = 2; 6; H = 4; 6:
The corresponding body graph is given in Fig. 13.
Analyzing the construction for lBE given in Section 6 we notice that we
only need the following simple observations:
Observation 1. If X and Y are adjacent bodies in BD, then lXY = hi,
where hi ∈ H is the line shared by X and Y .
Observation 2. Let X, Y , and Z be bodies of D, and let lXZ and lYZ
be noncoincident in the plane. Then lXZ ∧ lYZ is a point of lXY .
Indeed, letting points of incidence hi ∧ hj be denoted by ij,
lBE = lBD ∧ lDE ∨ lBF ∧ lEF
= lBD ∧ lDE ∨
((lAB ∧ lAF ∨ lBG ∧ lFG
∧ lCE ∧ lCF ∨ lEH ∧ lFH

= 23 ∨ (15 ∨ 26 ∧ 35 ∨ 46
Clearly, this gives a synthetic construction for lBE . In the next example, it
appears to be convenient to introduce an auxiliary body T = pqr, where
p; q; and r are non-collinear synthetically constructed points in the plane.
FIG. 13. The body graph of Fig. 6.
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For a given lifting L of D the liftings of p; q; and r are determined by
their construction, yielding a plane in space. Let S be any body or auxiliary
body of the diagram D. Using exactly the same arguments as in Theorem 3,
we see that the projected line of intersection lST is independent from the
chosen (strict) lifting L . Furthermore, Observation 2 remains valid in case
X, Y , or Z are auxiliary bodies.
Example. Let D be an almost flat incidence diagram of nine lines, the
incidence graph of which is given by Fig. 14. Its eight bodies are
A = 1; 2; 3; B = 1; 4; 5; C = 3; 9; D = 4; 9;
E = 2; 7; F = 5; 8; G = 6; 9; H = 6; 7; 8:
For instance, we give a construction for lAG. First, we see that lAC ∧ lCG =
h3 ∧ h9 = 39 is a point of lAG. A second point will be found by considering
the auxiliary body,
T = 27; 58; 49:
More precisely,
lAT = 27 ∨ lAB ∧ lBT 
= 27 ∨ (1 ∧ 58 ∨ 49
lGT = 49 ∨ lGH ∧ lHT 
= 49 ∨ (6 ∧ 27 ∨ 58:
Now we can describe a synthetic construction for lAG:
39 ∨ (27 ∨ 1 ∧ 58 ∨ 49 ∧ (49 ∨ 6 ∧ 27 ∨ 58:
Next, let us describe how to build larger almost flat diagrams from smaller
ones, in such a way that constructions for derived lines can be extended
as well.
FIG. 14. The incidence graph G and body graph B of an almost flat diagram with nine
lines.
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Definition 9. Let D be a subdiagram of an incidence diagram Ds.
Then Ds is called a simple extension of D if BDs = V ∪ A;B; E ∪
AX;AB;BY, where BD = V; E and X 6= Y; are nodes in V .
Example. The incidence diagram of Fig. 15, given by its incidence
graph and body graph, is a simple extension of its subdiagram consisting of
bodies 1, 2, 4, 5, 7, 8, which is a simple extension of the subdiagram with
bodies 1, 2, 4, 5 on its turn. If D can be obtained from an almost flat dia-
gram with four lines by a sequence of simple extensions, it is called simple.
Observe that adding a 2-valent vertex to the incidence graph (Henneberg
move of type I) always yields a simple extension of the involved incidence
diagram, but not conversely.
Theorem 6. Let Ds be a simple extension of an incidence diagram D, in
generic position. If D is almost flat then so is Ds. Furthermore, given synthetic
expressions for the derived lines of D, we can determine synthetic expressions
for the additional derived lines of Ds. The latter are deterministic if the former
are. In particular, we have an algorithm for deterministic synthetic construc-
tions of derived lines in case of a simple diagram.
Proof. It is an easy counting exercise to show that Ds is almost flat if
D is.
Next, let A and B be the new bodies, where A is connected with X
and B with Y in BDs. So, lAB; lAX; lBY are given lines in the diagram.
Furthermore, we assume a synthetic construction for lXY , as the derived
line in D. Then,
lAY = lAX ∧ lXY  ∨ lAB ∧ lBY ;
lBX = lBY ∧ lXY  ∨ lAB ∧ lAX:
FIG. 15. Incidence graph and body graph of an almost flat diagram with 11 lines, obtained
as sequence of the following simple extensions: 1, 2, 4, 5 → 1; 2, 4, 5, 7, 8 → 1; 2, 3, 4, 5,
6, 7, 8.
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If C is any body of D different from X and Y then, assuming synthetic
expressions for lCX and lCY , we obtain
lAC = lAX ∧ lCX ∨ lAY ∧ lCY ;
lBX = lBY ∧ lXY  ∨ lAB ∧ lAX:
Finally, observe that we did not use generic points in these constructions.
Example. In the example of Fig. 15 we can use the sequence of simple
extensions to find, for example, a construction for the derived line l38,
l38 = l37 ∧ l78 ∨ l13 ∧ l18;
l13 = l17 ∧ l37 ∨ l16 ∧ l36;
l17 = l12 ∧ l27 ∨ l14 ∧ l47;
l18 = l12 ∧ l28 ∨ l14 ∧ l48;
l47 = l27 ∧ l24 ∨ l78 ∧ l48;
l28 = l48 ∧ l24 ∨ l78 ∧ l27;
l24 = l12 ∧ l14 ∨ l25 ∧ l45:
Definition 10. Let D be a subdiagram of an incidence diagram Dc .
Then Dc is called a compound extension of D if BDc = V ∪A;B;C;D;
E ∪ AX;BY;CZ;AD;BD;CD, where BD = V; E, and X, Y; and Z
are (not necessarily different) nodes in V .
Example. Let D be the almost flat diagram given the incidence graph
and body graph of Fig. 16. We see that D is a compound extension of its
subdiagram containing bodies 1, 2, 4, 5. An almost flat diagram is called
compound if it can be obtained from an almost flat diagram with four lines
by means of a sequence of compound extensions.
Theorem 7. Let Dc be an incidence diagram in generic position, which
is a compound extension of its subdiagram D. If D is almost flat then so
is Dc . Furthermore, given synthetic expressions for the derived lines of D, we
can determine synthetic expressions for the additional derived lines of Dc . The
latter are deterministic if the former are. In particular, we have an algorithm
for deterministic synthetic constructions of derived lines in case of a compound
diagram.
Proof. Once again, it is an easy counting exercise to show that a com-
pound extension preserves almost flatness.
We continue the proof for the hardest case when X; Y; Z are different
bodies of D. Next, let p = lCZ ∧ lYZ , q = lBY ∧ lBD; and r = lAD ∧ lAX . We
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FIG. 16. Incidence graph and body graph of an almost flat diagram with 10 lines, which is
a compound extension of its subdiagram containing 1, 2, 4, 5.
consider the auxiliary body T = pqr. As in the example of Fig. 14 we can
find synthetic constructions for lCT and LTX , whence
lCX = lCT ∧ LTX ∨ lCZ ∧ lXZ;
where lXZ is supposed to be constructed in D. If E is a body of D different
from X, Y , and Z, then we assume to have synthetic expressions for lEX
and lEZ . So, we obtain
lCE = lCZ ∧ lEZ ∨ lCX ∧ lEX;
lAC = lCX ∧ lAX ∨ lCD ∧ lAD;
lCY = lCZ ∧ lYZ ∨ lCX ∧ lXZ;
lBC = lBD ∧ lCD ∨ lBY ∧ lCY ;
lDY = lBD ∧ lBY  ∨ lCD ∧ lCY :
Finally, using the previous expressions, we can synthetically construct each
derived line lPQ, where P ∈ A;B;D and Q is a body of D. For instance,
lDQ = lDY ∧ lYQ ∨ lCD ∧ lCQ:
9. CONCLUDING REMARKS
• The constructions of derived lines in Section 9 are synthetic and de-
terministic in nature. But in general, it is an open problem whether for
every (generic) almost flat incidence diagram its derived lines can be ex-
pressed that way, even if we drop the requirement “deterministic” and allow
“generic points” in the construction. However, if the given diagram can be
obtained from an almost flat diagram with four lines by a sequence of sim-
ple and/or compound extensions, the Theorems 6 and 7 describe synthetic
constructions for its derived lines.
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• So far, we obtained coordinate-free expressions for the derived lines,
without using the shadow H . But in order to “complete” the diagram, that
is, to find the liftable weaving pattern C, at least we need the relative posi-
tions in the plane of the derived lines with respect to the lines of H . Notice,
however, that in case of singular positions of the derived lines, Theorem 4
is not applicable anymore. For instance, this is the case in the example of
Fig. 8, if derived line N12; 34 contains crossing vertex a14. But this would
mean that lines l1 and l4 intersect in every lifting of the diagram, whence
incidence 14 is dependent on I . We conclude that shadow H is not in
generic position if a14 ∈ N12; 34, because MH 6=M6. Indeed, this geomet-
ric condition is equivalent to the fact that H is the projection of six lines on
a quadric (three lines per system of rulers). The connection between sin-
gular positions of derived lines on one hand, and special positions of the
underlying shadow on the other hand, deserves further investigation.
• Suppose we fix the underlying shadow H . Each lifting L which
projects upon H can be represented as a point in 2n if H  = n [6, 9].
In this setting the liftings satisfying a given incidence ij are the points of a
hyperplane Hij of 2n through the origin. So, we obtain a central arrange-
ment AH of (n2 hyperplanes Hij , hence a cell decomposition of 2n. The
cells of this complex are in one-to-one correspondence to the possible pla-
nar layouts H;I ;C.
Let PL = H;I ;C be a given planar layout. Each liftable planar
layout H;I0;C0 with I0 ⊂ I and C ⊂ C0 is called a resolution of PL.
If I0 = Z then this resolution is called a blow up of the given planar layout.
Observe that the resolutions of PL correspond to the boundary cells in
AH of the cell associated with PL. Topologically we see that for each
resolution of PL there exists a lifting L0 which is “arbitrarily close” to
L (in the Euclidean space 2n). Furthermore, each non-flat spatial line
configuration L0 with shadow H is arbitrarily close to an almost flat lifting
L of H , yielding the fact that every non-flat realizable planar layout on H
is the resolution of an almost flat diagram. We conclude that an algorithm
for the construction of derived lines, and consequently for drawing the
planar layout of almost flat line configurations, is a crucial step toward
generating (or perhaps characterizing) all realizable weaving patterns on a
given (generic) shadow.
• The incidence graph GD of a diagram D can be considered as a
design of a bar framework in the plane, with vertices regarded as flexible
joints, and edges as rigid bars. An implementation of this design can be
obtained by “polarity” from the shadow H . In this setting, the bodies cor-
respond to maximal (infinitesimally) rigid subframeworks. Furthermore, if
D is almost flat, the derived lines correspond to the relative “centers of
motion” of a pair of bodies (by polarity). See [19, 9] for more details.
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